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CURING THEORY AND SCALING STUDY: CROSSLINKING 
REACTION OF THE A, TYPE 

AU-CHIN TANG, ZE-SHENG LI, CHIA-CHUNG SUN, and XIN-YI TANG 

Institute of Theoretical Chemistry and Chemistry Department 
Jilin University 
Changchun, People’s Republic of China 

ABSTRACT 

The process of the A,-crosslinking reaction is considered as a whole to 
approach the threshold of the sol-gel transition. By a rational way, 
without Stirling’s approximation, the asymptopic form of the Flory- 
Stockmayer distribution near the gel point is obtained to reach a gen- 
eralized scaling law. 

INTRODUCTION 

For the A,-crosslinking reaction, the behavior of polymer moments below 
and above the gel point, which is regarded as the threshold of the sol-gel tran- 
sition, is discussed in detail. From the Flory-Stockmayer distribution [ l ,  21 
a reasonable approach to the threshold of sol-gel transition [l-101 is pro- 
posed without Stirling’s approximation [8, 101 to reach the asymptotic 
form of the equilibrium number fraction distribution of n-mer as 

This expression involves the integer k which takes the values 2 ,  3, 4, . . . , and 
the generalized typical size nE (k) which takes the form 
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with the gel point given by 

1 
Pc = - 

a - 1  

TANG ET AL. 

(2)  

As a direct consequence, it is easy to find that as a generalization of the 
scaling law [8,9] , the relations 

7 - 2 = u p  

k +  1 - 7 ' U ' y k ,  k = 2 , 3 , .  . . , 

(3 )  

hold true. 

POLYMER MOMENTS OF A, CROSSLINKING REACTION 

Let us consider a crosslinking system in which each monomer A, keeps 
a-functionality. Let p ,  p ' ,  and p" be the total, sol, and gel equilibrium frac- 
tional conversions, respectively, and S the sol fraction. Under the assump- 
tions of equireactivity and of no intramolecular reaction between A-groups 
in the sol, we have, by means of polymer statistics [3,4,  71, 

(4) 

1 -PI 

1 - P  
S = ( l  - p t s  --p)", 

1 - p f  

1 - P  
S(1 -p ' )= ( l  - p ) ( l  - p + S  --P)'-ly 

and 

Now let us express p ,  p', and p" in terms of the sol fraction S. Substituting 
Eq. (7) into Eq. (6) gives 
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CURING THEORY AND SCALING STUDY 

By combining Eqs. (8) and (7), we have 

From the relation 

1 - p = S ( l  -p ' )+ ( l  -S)(1 - p " )  

together with Eqs. (8) and (9), we obtain 

The expressions of p ,  p', and p" indicate that the three kinds of equilibrium 
fractional conversions are connected by the sol fraction S, which is an ob- 
servable quantity. 

O/O, and then, application of the L'Hospital's rule leads us directly to the 
results 

When S = 1, the expressions of p ,  p', and p" become indeterminate, i.e., 

1 2 
p e r =  - , and per'=-, 

1 
Pc = __ 

a - 1 '  u - 1  U 

where pc ,pc ' ,  and p," are the gel points with respect t o  the total, sol, and gel 
equilibrium fractional conversions, respectively. 

It is obvious that with any one of the equilibrium fractional conversions 
p ,  p', and p", the discussion of curing theory will be straightforward. But, in 
order to make the scaling study of this paper easier, we shall choose the total 
equilibrium fractional conversion p to proceed. 

For a random a-functional crosslinking system, the Flory-Stockmayer dis- 
tribution [l, 21 pn takes the form 
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44 TANG ET AL. 

with 

where Pn is the equilibrium number fraction distribution of n-mer. 

Pn in Eq. (12) as follows: 
It is known that the first moment M1 can be evaluated [3] by means of 

1, f o r p G p ,  

S, forp>p, .  
MI = c n P n  = 

n 

Note that the gel point pc can be regarded as the threshold of the sol-gel 
transition and, then, when p 2 pc, the sol fraction S, which is closely related 
t o p  as given in Eq. (8), varies from 1 to 0. 

Let us deal with the second moment Mz . Taking p as a variable to differ- 
entiate the right- and left-hand sides of Eq. (14) yields 

P(1 -P) d 
- M I .  

1 + P  
Mz = M1+ 

1 - (a - l)p 1 - (a - 1)p dp 

To obtain the second moment Mz 

where 
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CURING THEORY AND SCALING STUDY 45 

and 

dS/dp being derived from Eq. (8). 

secutively from M 2  yields 
For the kth moment M k ,  the analogous differentiation procedure done con- 

with the recursion formula 

This formula can lead us directly to the recursion formula 

with 

Thus, F k @ )  and T k @ )  can be evaluated, respectively, by taking F z @ )  and 
T2 @) in Eqs. (17)  and (18) as starting points. 

It is clear that by making use of Eqs. (9) and (lo), the kth moment for 
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46 TANG ET AL. 

p > p C  as given in Eqs. (16) and (20) can be reformulated in terms of p‘ or 
p ” .  For brevity, we shall not discuss it further. 

SCALING STUDY OF THE SOL-GEL TRANSITION 

Let us consider the moments near the gel point p c  (Jp  - pc I 4 1) [%lo]. 
For p = p c  it is easy to evaluate the quantities dp/dS, F2 @), and T2 @) in 
Eqs. (19), (17), and (18) to give 

and 

Furthermore, when p = p c ,  the recursion formula in Eq. (22) turns into the 
form 

(2k - 5)(a - 2) 
(a - I ) ~  

Ak = Ak-1, k = 3 , 4 , . .  . ,  

with 

to give 

where we have made use of A z  as the starting point for the recursion. 

form, by use of A in Eq. (24), 
Consequently, when Ip - p c  I Q 1, the sol fraction S in Eq. (5) takes the 
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CURING THEORY AND SCALING STUDY 47 

It is known that the relation 

S t G = I  (29) 

between the sol fraction S and the gel fraction G holds true. Thus we have, 
from Eq. (28), 

G = A 1 @ - p c ) ,  f o r p 2 p c .  (30) 

From Eqs. (16) and (20) we immediately obtain the kth moment hfk for 
k >, 2 by means of Akin Eqs. (25) and (27): 

k = 2 , 3 , .  . . , Mk = l o w n k i n  d n  = 
A k  

IP - Pc ~ k - 3  ’ 

for ( p  - pc  I Q 1. Note that Fn acts as the asymptopic form of the Flory- 
Stockmayer distribution near the gel point. 

bution. From Eq. (31) we introduce 
Now let us deal with the asymptopic form of the Flory-Stockmayer distri- 

to recast the kth moment as well as the (k t 1)th one into the forms 

and 

Differentiating both sides of Eq. (33) with respect to x k  and then taking into 
consideration Eq. (34) yields 

nk - t k - -  nP, dn=0, k = 2 , 3  , . . . ,  1: [:: ( ’,> “ I  (35) 
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48 TANG ET AL. 

to give 

It is easy to solve this equation to obtain 

?,, = C(n,k) exp [- (k - :) n X k ] ,  k = 2 , 3 ,  (37) 

Hence the integration constant C(n,k) can be determined by Eq. (33) such 
that 

Note that we have made use of the substitution 

n x k  = Y. (39) 

As a direct result, a partial differential equation can be deduced from Eq. (38): 

with the solution 

This form can be rewritten, by means of the substitution given in Eq. (39), in 
the form 

C(n, k )  = g(nxk ,k)xk 5/2 (42) 

As n and x k  in g(nXk ,k) take the form of nXk,  and C(n,k) is independent of 
X k ,  g(nXk ,k) has to take the form 
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CURING THEORY AND SCALING STUDY 49 

to give 

The constant Bk can be determined by using Eq. (38), and then we have, with 
the aid of the expressions for A k  in Eqs, (25) and (27), 

where B means that the constant Bk is independent of k. Thus, the asymp- 
topic form of the Flory-Stockmayer distribution in Eq. (37) can be written 
explicitly as 

pn = exp [ - (k - :) nxk] , k = 2 , 3 ,  . . . , 

where we have not made use of Stirling's approximation to obtain the expo- 
nent 512 [8, 101. 

ization of the typical size with k = 2 [ 101 , as 
Let us further introduce a generalized typical size ng(k), which is a general- 

with 

a =  112 

to reformulate Fn in the form 

with 

r = 512. 
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50 TANG ET AL. 

Since F n  is characterized by the generalized typical size nE(k), we can take 
Fn with a definite k' to evaluate the kth moment Mk with a definite k such 
that 

with 

is the conventional Gamma function. 

For k 2 2 ,  we have, from Eq. (51), 

with 

Though the left-hand side of Eq. (52) involves k and k', the right-hand side, 
which is in accordance with the right-hand side of Eq. (3  l), is independent 
of k'. 

When k = 1 ,  we have, from Eq. (5 l), 

MI =BX1I2 1mt -3 /2e - fd f  
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CURING THEORY AND SCALING STUDY 51 

Note that the integrand r 3 I 2  e-I is divergent at t = 0. In order to overcome 
this difficulty, we extend the expression of Mk given in Eq. (5 1) to the com- 
plex form 

M(Z) = Bh-' Lmf-' e-t dt 

= Bh-' r (Z ) ,  (5  5) 

where 2 is a complex parameter and the gamma function r ( Z )  satisfies 

Consequently, we have 

Mk =M(ReZ) 

and 

r(l - ReZ) = -ReZr(-ReZ), 

with 

3 

2 
ReZ = k - -. 

= a [  2(a - l)(a - 2)h I l l 2  

and 

(59) 
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52 TANG ET AL. 

respectively. The relation in Eq. (60) is not useful for evaluating the second 
moment M2 in Eq. (59), but it is useful for treating the divergent behavior 
of the first moment MI in Eq. (54). When Eq. (60) is substituted in Eq. (54) 
and the divergent behavior of MI is removed, we obtain 

(61) 
Bh'I2 {0*t-312e-f d t = - A 1 @ - p c ) ,  1 f o r p > p , ,  

2 

where we have made use of Ip - pc I = +@I - p c )  and then chosen the one with 
the negative sign. 

Comparing Eq. (61) with Eq. (30), we obtain 

with 

B =  1. (63) 

Alternatively, we can further approach the sol fraction S with the ex- 
pression given in Eq. (49). 

Since the distribution i", given in Eq. (49) has been obtained only by use 
of Eq. (3 1 )  without involving the expression for the sol fraction S in Eq. (28), 
it is reasonable to introduce a constant D of the form 

2 
D =  - 2  

A l @  - Pc) 

to give, from Eq. (61), 

S = D l * n F n  dn 

= 1 - A l @ - p c ) ,  f o r p > p ,  
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CURING THEORY AND SCALING STUDY 53 

and 

C = 2 l:r#,, dn = A l  - pc) .  

This expression is in accordance with that given in Eq. (52). 

THE SCALING LAW 

We present a brief discussion of the generalized scaling law. 
By introducing the generalized typical size n#c) into the right-hand sides 

of Eqs. (52)  and (62), we have 

k = 2 , 3 , .  . . , 

and 

Application of the scaling transformation T, 

= Lnt ( L  being a positive real number), (69) 

to Eqs. (67) and (68) gives immediately 

These relations, arising in essence from the generalized typical size, are the 
generalization of the scaling law which is associated with the typical size 
characterized by k = 2 [9, lo]. 
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